We have discovered a new nontrivial aspect of electronic topological transition ( ETT) in a 2D free fermion system on a square lattice. The corresponding exotic quantum critical point, d d c , T 0 (n 1 2 d is the electron concentration), is at the origin of anomalous behavior in the interacting system on one side of ETT, d , d ‫ء‬ ͑d͒, the "normal" state (i.e., above T c ) has properties fundamentally incompatible with the present understanding of metal physics. The field has reached the point where a consistent theory is necessary to understand this exotic from theoretical point of view (but quite well defined from an experimental point) metallic behavior. The issue has a significance beyond the field of high-T c superconductivity-the fundamental question arises: What kind of metallic behavior is there, in addition to the well-understood Fermi liquid?
New Scenario for High-T
We have discovered a new nontrivial aspect of electronic topological transition ( ETT) in a 2D free fermion system on a square lattice. The corresponding exotic quantum critical point, This is a particularly exciting time for high-T c . The experimental knowledge converges. Almost all experiments, nuclear magnetic resonance (NMR) [1, 2] , angle-resolved photoemission spectroscopy (ARPES) [3] , infrared conductivity [4] , etc., provide evidence for the existence of a characteristic energy scale T ‫ء‬ ͑d͒ in the underdoped regime (d is hole doping). Below and around the line T ‫ء‬ ͑d͒, the "normal" state (i.e., above T c ) has properties fundamentally incompatible with the present understanding of metal physics. The field has reached the point where a consistent theory is necessary to understand this exotic from theoretical point of view (but quite well defined from an experimental point) metallic behavior. The issue has a significance beyond the field of high-T c superconductivity-the fundamental question arises: What kind of metallic behavior is there, in addition to the well-understood Fermi liquid?
In this paper we propose our variant of the answer. We reexamine a free electron 2D system on a square lattice with hopping beyond nearest neighbors. We show that, when varying the electron concentration defined as 1 2 d, the system undergoes an electronic topological transition (ETT) [5] at a critical value d d c . The corresponding T 0 quantum critical point (QCP) combines two aspects of criticality. The first standard one is related to singularities in thermodynamic properties, in density of states at v 0 (Van Hove singularity), to additional singularity in the superconducting (SC) response function (RF) [6] . The second nontrivial aspect is that the same QCP is the end of the critical line T 0, d . d c , each point d of which is characterized by static Kohn singularity (KS) in polarizability of 2D free fermions. [What we mean as a static KS is a singularity at the wave vector connecting two points of Fermi surface (FS) with parallel tangents [7] ]. The two aspects of criticality are not related. It is the latter aspect (never considered before) which, as we will show, is a motor for anomalous behavior in the regime 0 , d , d c of the system of noninteracting and interacting electrons (or of any fermionlike quasiparticles, e.g., of those [8] appearing in the t 2 t 0 2 J model describing the strongly correlated CuO 2 plane responsible for the main physics in the cuprates). The found anomalies have a striking similarity to anomalies in the underdoped high-T c cuprates. The effect exists in all cases t 0 fi 0 or/and t 00 fi 0, . . . , except for special sets of the parameters corresponding to the perfect nesting in FS (including t 0 t 00 . . . ! 0) studied in many papers (see, e.g., Ref. [9] ). For such sets, the QCP loses the latter aspect of criticality and the anomalies disappear.
A starting point is a 2D electron system on a square lattice with hopping beyond nearest neighbors,
(1) For any set of the parameters t, t 0 , t 00 , . . . , the dispersion law is characterized by two different saddle points (SP's) located at ͑6p, 0͒ and ͑0, 6p͒ with the energy e s . When we vary the chemical potential m or the energy distance from the SP, Z m 2 e s , the topology of the FS changes when Z goes from Z . 0 to Z , 0 through the critical value Z 0. In vicinity of SP's the dispersion law is e͑k͒ e k 2 m 2Z 1 ak
where k is measured from ͑0, p͒ (a x, b y) or from ͑p, 0͒ (a y, b x). Explicit expressions for a and b depend on t, t 0 , . . . . We consider the following general case: a fi 0, b fi 0, a fi b. We choose a . b corresponding to t 0 ͞t , 0. The T 0 ETT has two characteristic aspects. The first (trivial) one is related to the local change of FS topology in the vicinity of SP. This leads to divergences in thermodynamic properties, in density of states at v 0, etc. From this point of view the corresponding QCP is of a Gaussian-type with the dynamic exponent z 2.
The nontrivial aspect is related to mutual change in the topology of FS in vicinities of two different SP's and reveals itself when considering the electron polarizability,
We show that the latter has a square-root singularity at v 0 and wave vectorm in a vicinity of Q ͑p, p͒ for any Z on the semiaxis Z , 0:
It is a static KS in the 2D electron system. The locus of the wave vectors q m in the Brillouin zone (BZ) is a closed curve around Q with jQ 2 q m j~pjZj. With decreasing jZj the closed curve shrinks and is reduced to the point q 5 Q at Z 0, where x 0 ͑q, 0͒ diverges logarithmically. The curve of the static KS's with q close to Q does not reappear for Z . 0: x 0 ͑q, 0͒ is peaked at q Q in an intimate vicinity of ETT and it exhibits a wide plateau around q 5 Q for larger Z. To illustrate this we show in Fig. 1 the q dependence of x 0 ͑q, 0͒ calculated based on (3) and (1). [We use the model with only t 0 fi 0 being a generic model for the family: a fi 0, b fi 0, a fi b.] The curve discussed above is the curve of singularities in Fig. 1a closest to q 5 Q. In the plot, one sees only a quarter of the picture around q 5 Q; to see the closed curve around ͑p, p͒, one has to consider the extended BZ. (Few other curves of KS's seen in Fig. 1 are not sensitive to ETT; we discuss them elsewhere.)
As a result, the point Z 0, T 0 turns out to be the end point of the critical line Z , 0, T 0.
Paradoxically, the absence of the discussed curve of static KS's for Z . 0 leads to an anomalous behavior of the system on this side of QCP. To see this, let us calculate v dependencies of Re x 0 ͑q, v͒, Im x 0 ͑q, v͒ and C͑v͒ Im x 0 ͑q, v͒͞v for the characteristic for this regime wavevector q Q. The results are shown in Fig. 2a .
One can see that all functions are singular at some energy v c . Analytical calculations with the hyperbolic spectrum (2) give the following expression: Im On the contrary, the behavior of SC RF (in both cases isotropic s-wave or d-wave symmetry) is symmetrical in Z being related to the first aspect of ETT. For the same reason, the SC RF decreases quite rapidly with increasing a distance from QCP, i.e., with increasing T and jZj.
Above we considered a system of noninteracting electrons. In fact, the same picture takes place for any system of fermion or fermionlike quasiparticles when the dispersion law is determined by the topology of 2D square lattice and has a form (1). In [8] , where we discuss some problems of strongly correlated systems, we show that such quasiparticles (with spin and charge) do exist in the t 2 t 0 2 J model describing the strongly correlated CuO 2 plane. On the other hand, the shape of FS observed by ARPES does imply the existence of nnn hopping t 0 fi 0, so that the condition of the asymmetry a fi b necessary for the existence of the discussed ETT is fulfilled. Moreover, this shape implies t 0 ͞t , 0, the case for which the critical doping d c is positive. Below we will pass from the energy distance from ETT Z to the doping distance d c 2 d, using a large FS condition: 
‫ء‬
Im ͑d͒ as if the system would move towards an ordered phase. However, it does not reach it; the reentrancy stops and the system passes to the regime II of a minimum disorder above which a standard disordered state behavior is restored (regime III). On the other hand, the quantum SDW liquid state in the regime I is practically frozen in doping due to the very weak dependence of k and G Q with T discussed above. The theoretical behavior is very close to that observed experimentally (Fig. 4b ) and explains it in fact for the first time.
In Fig. 5 we show an electron spectrum calculated for the ordered SDW phase (a) and for the disordered metal state (namely, for the regime II) (b). For the ordered phase the spectrum is given by´1 ,2 ͑e A 1 e B ͒͞2 6 p ͓͑e A 2 e B ͒͞2͔ 2 1 D 2 [e A ͑k͒ ϵ e͑k͒, e B ͑k͒ ϵ e͑k 1 Q͒] with the gap D determined self-consistently in the usual way. For the disordered state the "spectrum" is obtained from the maxima of electron spectral functions strongly renormalized due to the interaction with the above described SDW fluctuations. The characteristic form of the spectrum in both cases is a result of a hybridization of two parts of the bare spectrum in the vicinity of two different SP's ͑0, p͒ and ͑p, 0͒. The hybridization is static for the ordered SDW phase and is dynamic for the disordered state. (Details about the pseudogap opening in the disordered state and its behavior with T and d will be the subject of a separate paper.) The spectrum is in excellent agreement with ARPES data (see We will now discuss the behavior of Im x͑q, v͒, the characteristics measured by inelastic neutron scattering (INS). As follows from the previous analysis, below T ‫ء‬ Im it has a maximum at v v 0~k 2 (being peaked at q Q). Since k 2 almost does not change with d, the position of the peak does not as well. This agrees with INS data and explains (for the first time) the existence of the characteristic energy (ϳ30 MeV) above T SC for all d; see, e.g., the summarizing picture in Fig. 25 in [11] . As was emphasized before, strong SDW fluctuations disappear in the overdoped regime d . d c . In the underdoped regime they disappear (or strongly diminish) above T ‫ء‬ Im ͑d͒. Both facts are in good agreement with INS.
Summarizing, the simple picture arising from the effect of ETT in a 2D electron system on a square lattice gives a unified vision of normal state anomalies in the underdoped high-T c cuprates for both magnetic and electronic properties. We succeed in explaining the temperature anomalies in 1͞T 1 T and 1͞T 2G NMR characteristics, some crucial features of INS in the normal state, the disappearance of magnetic fluctuations in the overdoped regime, an opening of a pseudogap in the electron spectrum, the shape of the latter in a vicinity of ͑0, p͒, and the disappearance of the pseudogap in the overdoped regime. All of these are most nontrivial experimental results. Regarding that the theory does not use any external phenomenological hypothesis and only two microscopical parameters t 0 ͞t and t͞J, the similarity between the theoretical results and experiments seems quite remarkable. We emphasize that the effect exists for any t 0 ͞t, t 00 ͞t, . . . , except for two limit cases: (i) isotropic a b in Eq. (2) (t 0 t 00 . . . 0) and (ii) extreme anisotropic one a 0 or b 0. Although ETT exists in both cases, the corresponding QCP's belong to different classes of universality. For a b (nesting) the behavior is symmetrical in Z, the anomalous regime discussed in this paper disappears.
